Abstract. Let M n be a compact convex hypersurface in R nþ1 . In this paper, we proved firstly that if the principal curvatures l i of M n satisfy 0 < l 1 a Á Á Á a l n and l n < P nÀ1 j¼1 l j , then there exist no nonconstant stable F -harmonic map between M and a compact Riemannian manifold when (1.2) or (1.3) holds (Theorem 1). This is a generalization or unification of the corresponding results for several varieties of harmonic map. Then, when the target manifold is d-pinched, using a new estimate method, we obtain the Liouville-type theorem (Theorem 2) for stable F -harmonic map, which improves the results of M. Ara in [2] .
Introduction
The instability for harmonic map (as well as p-harmonic map), from or into standard unit sphere S n in Euclidean space R nþ1 , is well-known. For example, there exists no nonconstant stable harmonic (or p-harmonic) map either from S n to any Riemannian manifold [12] (or [11] ), or from any compact Riemannian manifold to S n [6] (or [3] ). In this paper, for a smooth function F : ½0; yÞ ! ½0; yÞ such that F 0 ðtÞ > 0 on t A ð0; yÞ, we concern with the instability of F -harmonic maps which is the generalization and union of the harmonic, p-harmonic or exponentially harmonic maps, introduced by M. Ara in [2] . M. Ara [1] proved that every stable F -harmonic map u : M ! S n is constant, provided that ð In contrast with this, as far as I know there is few result when the source manifold is S n . In this paper, however, we can prove the following instability property of F -harmonic maps which are from or into the compact convex hypersurfaces in Euclidean space.
Theorem 1. Let M n H R nþ1 be the compact convex hypersurface. Assuming that the principal curvatures l i of M n satisfy 0 < l 1 a Á Á Á a l n and l n < P nÀ1 j¼1 l j . Let F : ½0; yÞ ! ½0; yÞ be a smooth function such that F 0 ðtÞ > 0 on t A ð0; yÞ. Then every nonconstant F -harmonic map u between M n and any compact Riemannian manifold N is unstable if there exists a constant c F :¼ inffc b 0 j F 0 ðtÞ=t c is nonincreasingg such that
or, when F 00 ðtÞ ¼ F 0 ðtÞ (for example F ðtÞ ¼ expðtÞ), In this case, we have the following Corollary 1. With the same assumptions about the function F as in theorem 1, then every nonconstant F -harmonic map u, from S n into any compact Riemannian manifold N or from any compact Riemannian manifold N into S n , is unstable when (1.4) or (1.5) is true.
Remark 2. In the case of nonconstant harmonic maps or p-harmonic maps, the condition (1.4) implies that n > 2, n > p, respectively. Therefore, corollary 1 is an extension of [6, 12] and [3, 11] for the stability of harmonic maps and p-harmonic maps, respectively. Remark 3. In the case of nonconstant exponentially harmonic map, i.e. F ðtÞ ¼ expðtÞ, although the constant c F does not exist, the condition n À 2 > jduj 2 is necessary. For example, taking u : ðS n ; g 0 Þ ! ðS n ; g 0 Þ be the identity map, where S n is the standard unit sphere with canonical metric g 0 , it is wellknown that u is stable, but in that case, jduj 2 ¼ n > n À 2. Hence, corollary 1
is also an extension of [5] and [7] for the stability of exponentially harmonic maps. When the target manifolds are d-pinched, using a new estimate method, we obtain the following Liouville theorem of stable F -harmonic map, which improves the results of M. Ara [2] .
Theorem 2. Every stable F -harmonic map u : M ! N, from compact Riemannian manifold M into a compact simply-connected d-pinched n-dimensional Riemannian manifold N, is constant, provided that there exists a constant c F :¼ inffc b 0 j F 0 ðtÞ=t c is non-increasingg such that n and d satisfy (1.4) (or equivalently 2c F þ 1 < n À 1) and
Remark 4. M. Ara [2] proved that: every stable F -harmonic map, from compact Riemannian manifold into n-dimensional d-pinching manifold, is constant, provided that n and d satisfy n > 2ðc F þ 1Þ and
Obviously,F F n; F ðdÞ < F n; F ðdÞ, so theorem 2 is much better than that of M. Ara in [2] . In the case where F ðtÞ ¼ ð2tÞ p=2 ðp ¼ 2 or 4 a p < yÞ, the constant c F equals ðp=2Þ À 1. So Theorem 2 is a unification and generalization of the well-known results for harmonic maps and p-harmonic maps obtained by T. Okayasu in [8] and H. Takeuchi in [11] .
Preliminaries
Let F : ½0; yÞ ! ½0; yÞ be a C 2 -function such that F 0 ðtÞ > 0 on t A ð0; yÞ. For a smooth map u : ðM; gÞ ! ðN; hÞ between compact Riemannian manifolds ðM; gÞ and ðN; hÞ with Riemannian metric g and h, respectively. Following M. Ara [1] , u is F -harmonic if it represents a critical point of the F -energy integral
where jduj 2 is the energy density defined as
orthonormal frame field fe i g on M, and Ã1 is the volume element of ðM; gÞ.
For example, when F ðtÞ ¼ t, ð2tÞ p=2 =p, ð1 þ 2tÞ a ða > 1; m ¼ 2Þ and expðtÞ, F -energy is the energy, the p-energy, the a-energy of Sacks-Uhlenbeck [10] and the exponential energy respectively. So F -harmonic map can be viewed as one of the unified theory for several varieties of harmonic map. On the other hand, we can see results for harmonic maps, p-harmonic maps or exponentially harmonic maps in a di¤erent viewpoint.
Denoted by ' and ' the Levi-Civita connections of M and N respectively. Let u À1 TN be the induced vector bundle by u over M, and Gðu À1 TNÞ the space of all sections of u À1 TN.' ' denotes the induced connection on the induced bundle u À1 TN from ' and u defined by' ' X W ¼ ' u Ã X W , here X is a tangent vector of M and W is a section of u À1 TN. With these symbols, then, the Euler-Lagrange equation of the F -energy functional E F can be written
where tðuÞ is the tension field along u. From now on we use the summation convention. We need the following second variation formula for F -harmonic maps (cf. [1] ). Let u : M ! N be an F -harmonic map. Let u s; t : M ! NðÀe < s; t < eÞ be a compactly supported two-parameters variation such that u 0; 0 ¼ u, and set V ¼ 
where hÁ ; Ái is the inner product on T Ã M n u À1 TN and R N is the curvature tensor of the manifold N, i.e.
We put
: ð2:4Þ An F -harmonic map u is called F -stable or stable if I ðV ; V Þ b 0 for any compactly supported vector field V along u.
F -harmonic maps from compact convex hypersurfaces
In the following two sections, we will discuss separately when the source manifolds or the target manifolds are compact convex hypersurfaces in Euclidean space, and obtain Proposition 1 and Proposition 2 respectively. Then, combining two Propositions, we had proved Theorem 1 at the end of section 4.
In this section, we study the instability for F -harmonic map from compact convex hypersurfaces into a compact Riemannian manifold, and obtain the following Proof. In order to prove the instability of u : M n ! N, we need to consider some special variational vector fields along u. To do this, choosing an orthogonal frame field fe i ; e nþ1 g, i ¼ 1; . . . ; n, of R nþ1 , such that fe i g are tangent to M n H R nþ1 , e nþ1 is normal to M n and ' e i e j j P ¼ 0. Meanwhile, taking a fixed orthonormal basis E A , A ¼ 1; . . . ; n þ 1, of R nþ1 and setting 
where, h ij denotes the components of the second fundamental form of M n in R nþ1 .
From now on, suppose that u : M n ! N is a nonconstant F -harmonic map, we shall use the variational vector fields u Ã V A to prove the instability of 
It follows from Weitzenbö ck formula that
With respect to the variational vector fields u Ã V A along u, it follows from (3.6) and (3.7) that X 
Substituting (3.9) and (3.10) into (3.8), we get therefore
In the following, we shall estimate the two parts (I) and (II) in (3.11) separately. Because trace is independent of the choice of orthonormal basis, we can take pointwisely fe i ; e nþ1 g such that h ij ¼ l i d ij . From Gauss formula it follows that
Using (3.3), (3.4), (3.5) and (3.12), we can easily obtain ð
In order to estimate part (I) in (3.11), a straightforward computation then shows 
and
Then, it follows from (3.14) and (3.15) that ð Finally, substituting (3.13), (3.17) or (3.18) into (3.11), we obtain
either of which implies that P A I ðu Ã V A ; u Ã V A Þ < 0 if u is nonconstant and ( 1.2) or (1.3) holds. Therefore, there exists at least one V i A fV 1 ; . . . ; V nþ1 g such that
That is, F -harmonic map u is not stable. This completes the proof of the Proposition 1.
F -harmonic maps into compact convex hypersurfaces
In this section, we study the instability for F -harmonic map from any compact Riemannian manifold N into compact convex hypersurface M n H R nþ1 , and obtain the following Proof of Theorem 1. Combining Proposition 1 (in section 3) and Proposition 2 (in section 4), Theorem 1 had been proved immediately.
F -harmonic maps into d-pinched manifolds
Proof of Theorem 2. From now on, we assume that ðN; hÞ is a compact simply-connected d-pinched Riemannian manifold (i.e. its sectional curvature k N satisfy d < k N a 1). Deform the Riemannian metric h of N conformally to 1þ d 2 Á h (also denoted by h). We can set the sectional curvature equal to 2 d 1þd . Let E denote the Whitney sum E ¼ TN l ðNÞ of the tangent bundle TN and the trivial line bundle ðNÞ ¼ N Â R with the canonical metric. Let e be a cross-section of unit length in ðNÞ. We define a metric connection ' 00 on E as follows:
where X and Y are vector fields on N. According to the results in [4] 
